The possibility that Schr odinger's equation with a given potential can separate in more than one coordinate system is intimately connected with the notion of superintegrability. Examples of this type of system are well known.
Introduction
It has long been known that Schr odinger's equation with certain special potentials can admit (multiplicative) separation of variables in more than one coordinate system. This is intimately related to the notion of superintegrability, 1, 2] . This subject has been studied by a number of authors, based on the use of the corresponding di erential equations that that are implied by the requirement of simultaneous separability, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . Speci cally, superintegrability means that for a Schr odinger equation in dimension N there exist 2N-1 functionally independent quantum mechanical observables (i.e., self-adjoint operators that commute with the Hamiltonian). There is an analogous concept of superintegrability for classical mechical systems. This relates to the corresponding additive separation of variables of the Hamilton-Jacobi equation. A rst step in studying separability in the classical case is to realise that the direct formulation of the simultaneous separability requirement is not obviously tractable. An additional observation is that if we do have simultaneous separability then the resulting constants of the motion close quadratically under repeated application of the Poisson bracket, 12]. We also know that for spaces of constant curvature separable coordinate systems of the free motion are described by quadratic elements of the corresponding rst order symmetries, 17, 18, 19] .
Although concrete examples of superintegrable systems are easily at hand, a complete classi cation of all such systems has presented major di culties. How can one be sure that all systems for free motion have been found? (For example, Rañada's classi cation 16] omits our system (5a) below.) Once these are determined, how can one be sure that the most general additive potential term has been calculated?
Here we take a new approach to the problem and apply it for the case of two dimensional complex Euclidean space. In x2 we classify all nondegen-erate potentials that admit a pair of second order constants of the motion.
Here \nondegenerate" means that the potentials depend on four independent parameters. The requirement that a potential admit two constants of the motion leads to two second order partial di erential equations obeyed by the potential, and the integrability conditions for these two simultaneous equations permit us to classify all possibilities. The classi cation is greatly simpli ed by the equivalence of two potentials that are related by an action of the complex Euclidean motion group. We then prove that each nondegenerate potential is associated with a pair of constants of the motion in the classical case, and a pair of symmetry operators in the quantum case, that generate a quadratic algebra. Furthermore, we verify that there is a one-toone correspondence between superintegrable systems and free-eld symmetry operators that generate quadratic algebras. Finally, we demonstrate explicitly that superintegrability implies multiseparability, i.e., separability in more than one coordinate system. This systematic classi cation approach introduces a \ ne structure" into our problem. it is easy to show that potentials admitting two constants of the motion cannot depend on more than four parameters. However, potentials that depend on fewer parameters, i.e., that cannot be embedded in a four parameter family, are not associated with a quadratic algebra.
Completeness in two dimensional Euclidean space
Due to the close connection between separation of variables and constants of the motion, 20], a common approach to the classi cation and study of superintegrable systems is to search for potentials that permit varable separation in more than one coordinate system. Let us consider what our problem is in these circumstances. The Hamilton-Jacobi equation is
The additive separation ansatz implies a solution S = U(u; E; ) + V (v; E; )
in a suitable coordinate system x = x(u; v); y = y(u; v). 
From the fundamental equations (19) we Thus if the potential V is subject to the two conditions (17, 18) , then V can depend on at most 3 parameters, in addition to a trivial additive constant.
We can choose these parameters to be V x (x 0 ; y 0 ); V y (x 0 ; y 0 ); V yy (x 0 ; y 0 ) for any xed regular point (x 0 ; y 0 ). Then V xx (x 0 ; y 0 ) and all higher derivatives can be computed by successive di erentiation of relations (21). We require that our potential be nondegenerate, i.e., that it depend on 3 arbitrary parameters.
Then, the conditions @ x V xxy = @ y V xxx ; @ y V xxy = @ x V xyy ; @ y V xyy = @ x V yyy for the fourth partial derivatives lead to the integrability conditions @ x (2C ? B) = @ y (2D + A) ( 
Note that if we have another constant of the motion L 3 associated with a nondegenerate potential, then L 3 must be a linear combination of H; L 1 ; L 2 . Indeed, if L 3 is not a linear combination of the basis functions, then the potential V must satisfy an equation (16) that is linearly independent of the equations associated with L 1 ; L 2 . This means an additional constraint on the solution space and that V can depend on at most two parameters, which is a contradiction.
We will use the conditions (23,24) to classify the possible potentials V and the corresponding constants of the motion L 1 ; L 2 . For this we note that it is only the three-dimensional subspace spanned by H; L 1 ; L 2 that matters;
we can choose any basis for this subspace. Hence we can replace the conditions (17, 18) by linear combinations of themselves without changing the potential. Moreover, to simplify the results we note that we can always subject the coordinates (x; y), and L 1 ; L 2 to a simultaneous Euclidean motion, i.e., we regard all translated and rotated potentials as members of the same equivalence class.
Multiplying both sides of (23) and (24) by E 3 we obtain polynomial identities in x and y. Equating the coe cients of the various powers x n y m we obtain conditions on the parameters H jk . The simplest non-trivial condition, which is associated with the coe cient of a fth order power in either of the equations, is 2H 15 We exploit these and the remaining conditions, and Euclidean motions to classify the possibilities for the L j . The full conditions (23) and (24), expressed in terms of the parameter H ij , take several pages to list and are complicated to solve directly. (Indeed a symbol manipulation program was an important aid to our computations.) However, by dividing the problem up into special cases and using Euclidean motions, we can simplify the conditions and obtain a full solution. In the listing that follows we use the fact that the constants of the motion can each be expressed as a quadratic element in the enveloping algebra of the Euclidean group in the plane with basis elements 
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This potential permits separation in polar, elliptic and cartesian coordinates.
If, however, H 15 = iH 13 
; L 2 = p 
Here we take L 1 = 2p y p + + W (1) ; L 2 = Mp y + W (2) (57)
V (x) = p x + iy + x + 2x + iy p x + iy :
There is the possibility of separability in parabolic coordinates fMp y g or displaced parabolic coordinates f(M + (p x ip y ))p y g for suitable .
Now we demonstrate that there is a quadratic algebra associated with each nondegenerate potential. Because we are working in two dimensions there can only be three functionally independant constants at most. Consequently all Poisson brackets must be functionally dependent on H = L 0 ; L 1 and L 2 . We want to show that in fact R where L h =`h + W (h) . Let R = f`1;`2g. Then for each of the cases listed above it is straightforward to check that R 2 = P 3 (`0;`1;`2) where P 3 is a homogeneous third order polynomial in its arguments. is a polynomial function of these parameters.
From (7) We now list the quadratic algebra relations for each of the cases studied above. In view of relations (7) it is su cient to give the relation R 1 Moreover, it is straightforward to verify that the cases corresponding to nondegenerate potentials are the only cases where P 3 is a homogeneous third order polynomial in its arguments. Thus the possible quadratic algebras generated by second order elements in the Euclidean Lie algebra correspond one-to-one with nondegenerate potentials. 
Conclusions
In this paper we have used the concept of a \nondegenerate potential" to add structure to the study of superintegrable classical and quantum mechanical systems in E(2; C). We have shown how to classify all such systems in a straightforward manner, so that gaps can be avoided. Furthermore, we have shown the following:
1. Each system is associated with a pair of constants of the motion in the classical case, and a pair of symmetry operators in the quantum case, that generate a quadratic algebra. 2. There is a one-to-one correspondence between superintegrable systems and free-eld symmetry operators that generate quadratic algebras. 3. Superintegrability implies multiseparability, i.e., separability in more than one coordinate system.
In a forthcoming paper we will prove the analogous results for superintegrable systems on the complex 2-sphere.
Appendix
As is well known 3, 17, 19] there are essentially six coordinate systems on the complex Euclidean plane in which the free particle Hamilton-Jacobi equation separates: Cartesian, polar, parabolic, elliptic, hyperbolic and semihyperbolic. We describe these coordinate systems and their corresponding free particle constants of the motion L. ( 
